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%e study a class of (possibly intinite-dimensional) Lie algebras, called the 
Quasisimple Lie algebras (QSLA’s), and generalizing semisimple and affine Kac- 
Mocady Lie algebras. They arc characterized by the existence of a finite-dimensional 
Carian subalgebra, a non-degenerate symmetric ad-invariant Killing form, and 
nilpcbtent rootspaces attached to non-isotropic roots. We are then able to derive a 
clasrification theorem for the possible irreducible elliptic quasisimple root systems; 
mon!over, we construct explicit realizations of some of them as (untwisted and 
twisted) current algebras, generalizing the afine loop algebras. 0 1990 Academic 
Press, Inc. 
1. INTRODUCTION 
Infini e-dimensional Lie algebras and Lie groups, together with their 
represer tation theory have been shown to be very appealing and powerful 
tools fo:, the investigation of many apparently disconnected fields, both in 
mathematics and mathematical physics. Actually, it is hoped that they 
allow a >etter understanding of the remarkable interrelations between these 
different fields. 
Amocg the class of infinite-dimensional Lie algebras, there exists a 
remarkable subclass, i.e., the affine Kac-Moody Lie algebras [I]. Intro- 
duced iti 1968 by Kac [2] and Moody [3f separately, they generalized 
Serre’s reconstruction theorem (which applied in the semisimple case [4]), 
and havl: been the starting point of considerably many studies (see [I] and 
references therein for a detailed presentation of the theory and its appliea- 
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tions). Without going into details, let us just mention a few of these 
applications: 
* String and SuperString Theories [4, 51: in particular via the 
Vertex operator construction [S], one can describe the gauge structure of 
SuperString theories. 
* 2-d statistical mechanics and critical phenomena [6], via the so- 
called Sugawara and Goddard-Kent-Olive constructions [7,8]. 
* Boson-Fermion equivalence in Quantum Field Theory [9, lo]. 
* Supersymmetry and Supergravity, Yang-Mills fields [ 1 l-131. 
* Exactly solvable models of nonlinear partial differential equations 
(for instance the celebrated KP and MKP hierarchies) [14, 15, lo]. 
* Combinatorial identities [ 16-181. 
At the group level also [ 19,201, some results have been obtained, in 
particular in the representation theory, from the point of view of non- 
abelian distribution theory [21-231; but today, these results are far from 
being as complete as those obtained in Kac-Moody theory. 
The aim of the present work is to study higher-dimensional generaliza- 
tions of affine Kac-Moody Lie algebras; we will be interested in a class of 
(possibly infinite-dimensional) Lie algebras, including as particular cases 
the semisimple Lie algebras as well as the aftine Lie algebras. These Lie 
algebras, called the Quasisimple Lie algebras (QSLAs) are characterized by 
properties which appear to be fairly natural and not so much restrictive: 
* Finite-dimensional Cartan subalgebra. 
* Non-degenerate Ad-invariant Killing form. 
* Discrete root system. 
* Ad-nilpotency of the rootspaces attached to non-isotropic roots. 
Under these assumptions, it is possible to derive a classification theorem 
for the possible quasisimple root systems; moreover one can construct an 
explicit realization of some QSLAs as “gauge algebras” or “current 
algebras,” generalizing the loop algebras. This terminology comes from 
physics, more precisely from the study of quantum gauge theories, where 
the study of such current algebras and their unitary positive energy (or 
highest weight) representation theory [24] allows one to investigate the 
infinitesimal unitary positive energy representations of local gauge transfor- 
mation groups [25]. 
We will be here essentially interested in current algebras of the form 
P(T’, g) (U” being a v-dimensional torus and g a semisimple Lie algebra), 
or more precisely in central extensions of P(T”, g), and in twisted versions 
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of it (I hat is to say functions with boundary conditions twisted by the 
action of some finite-order automorphism). 
The paper is organized as follows: after this introduction, Section II is 
concenced with the classification theory of quasisimple root systems; after 
delinin): the quasisimple Lie algebras, we derive the properties of their root 
system, and conclude by a classification theorem of the irreducible “elliptic” 
quasisiinple root systems. In Section III, we build explicit realizations of 
some (>SLAs as (untwisted or twisted) current algebras. Section IV is 
devotee to the conclusions. 
II. DEFINITIONS AND CLASSIFICATION 
In th s section, we present he general theory of Quasisimple Lie algebras 
and their root systems. Most of the proofs are quite similar to those used 
in the semisimple and affine theories, and some of them will not be 
reprodtced here. Concerning the semisimple theory, we refer to [2630], 
where :. complete account of the theory can be found, while the affine 
theory is completely explicited in [l, Chaps. 4, 51 (see also [16] for more 
details about the root system and the Weyl group). 
This section begins with the definition of the Quasisimple Lie algebras 
and sonic general properties. Then comes the discussion of the properties 
of the nsn-isotropic and the isotropic roots, before the main result, i.e., the 
classilic; ttion theorem. 
1. Defkitions and General Properties 
DEFIKITION 1. A Quasisimple Lie algebra is a complex Lie algebra g 
such ths t: 
(Q$,LA 1). g is provided with a non-degenerate invariant symmetric 
bilinear form, called the Killing form, and denoted by (, ). For simplicity, 
the Killing form will be assumed to be real in the real linear span of the 
roots. 
(QSLA 2). g possesses a Cartan subalgebra h, such that: 
-- h is abelian, and the adjoint action of h on g is diagonalizable. 
-- h is finite-dimensional. 
-- Ad(h) has discrete spectrum. 
With I’espect o Ad(h), g possesses a rootspace decomposition 
(1) 
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where 
R = Sp[Ad(h)] 
is the root system, and g, is defined by 
(2) 
g,= (xeg s.t. Ad(h~.x=~(~)xV~~h~ 
(note that h=g,). 
(3) 
Before giving the last assumption of Definition 1 (QSLA 3), we need to 
state some general results,-standard from usual Lie algebra theory. We will 
come back to De~nition 1 at the end of the current section. 
We then enumerate a sequence of general properties; the proofs (which 
are fairly standard) can easily be found in the literature, and will not be 
reproduced here. 
THEOREM 1. (i) For any pair E, /3 of roots of g, (g,, ga) =0 if 
a + /3 # 0; ~ureover (, > is non-degenerate on h and g, @ g _ I, for any a E R. 
(ii) -R=R. 
(iii) For any pair E, p of roots 
git+fi 2 t&L f&J. (4) 
Zfa+fi is not a root, ga+P= (0). 
(iv) For any root CC, let h, be the canonical image of a under the iden- 
tification of h and h’; then [gE, 8-J is the one-dimensional subspace of h 
generated by h,. 
Recant. Using the non-degeneracy of the Killing form one can identify 
h with h’, in the usual way: for any 3i~ h’, define hi, by its action on h 
(A,, h) = 4h), for any h E h. 
This allows one to carry the Killing form on h’: for any I, p E h’ 
<A P> = (h/., h,). 
(5) 
(6) 
DEFINITION 2. A root 6 of g is called an isotropic root if (6, S) = 0. 
DEFINITION 1 (continued~. (QSLA 3). For any non-isotropic root 
@CR, Ad(g,) is nilpotent. 
2. The Root System: Non-isotropic Roots 
One can easily convince oneself that the non-isotropic roots have exactly 
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the saine behaviour as the roots of a semisimple Lie algebra [27, ZS]. 
Actualiy, the proofs are totally identical. 
After defining, for any non-isotropic CIE R the corresponding Weyl 
reflexicn wz, by 
wa~B=P-2C(%B>l(4 a>1 a (7) 
we therr state, without proof, the following recapitulation theorem: 
THECREM 2. Let g be a quasisimple Lie algebra, and let R be its root 
system; let a be a non-isotropic root in R. 
(i) dim g,= 1. 
(ii) For any root /I, 2[(a,.j3)/(a, a)] is an integral number. 
(iii) For any root B, w, . BE R. Then w, . R = R. 
(iv) kaER tfand onIy tfk= f 1 or k=O. 
(v I For any root /I, there exist two non-negative integral numbers 
n,, n_ such that /3 + na E R if and only if n is an integral number, and 
-n 6 n,<n,. Moreover, these two numbers are related by 
n -n, = 2C<a, P>l(a, @>I. (8) 
The :et {B+na,n= --n-, -n ~ + 1, . . . . n + } is called the a-string (or 
a-ladder) of roots through /I. 
In the finite-dimensional semisimple case, the root-system is finite (there 
is no isotropic root), and this theorem leads to the well known Cartan 
classifia tion [26]. A detailed description and classification of abstract 
finite-dimensional root systems can be found in [27]. 
3. The lloot System: Isotropic Roots 
As pcinted out initially by Kac [2] and Moody [3], and later by 
McDons Id [ 163, the infinite-dimensional structure lies, as far as the root 
system it concerned, in the existence of isotropic roots. These roots possess 
some pa:titular properties, which we will examine in this subsection. We 
will then be in position to find the complete structure of the root system 
of a qua:;isimple Lie algebra, and hence to give a general classification. 
Let us just begin with this first important proposition: 
PROPO,;ITION 3. Let 6 be an isotropic root of g. Then, for any other root 
a ofg, (S,a)=O. 
To prcve the proposition, one needs the following lemma: 
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LEMMA 4. Let 6 be an isotropic root of g; if (6, a) # 0 for some 
non-isotropic root u of g, then u + n6 ER, for infinitely many consecutive 
integral numbers n. 
Proox Assume that there is an integer p, such that u’ = u + p6 is a root 
of g, and a’ - 6 is not a root of g. Then, let x,, be a non-zero element of 
g a’. and x6 be a non-zero element of g,. Then 
cxs, &,I E&+s. 
Set x0 = x,, , and x,= [Ad(x .x0. Then one has 
LX-69 XII = LX-62 Lx,, x011 
=-- (x5, x-a)<& u’) x0 for any xP6 E gP,. 
Obviously, (6, a’ ) = (6, a ); moreover one can choose x _ 6 in g ~ d in such 
a way that 
(x,, X-6) = 1. 
Using the induction procedure, let us now assume that 
Ad(x-,)x,-, = -(n- 1)(6, a) x,-~ 
Then 
CL& x,1 = CLS, [X6, x, 111 
= -Ch,,x,-,l-(n-1)(6,~)~,~, 
= -n(6, a) x,~~ 
and the lemma follows, 
We are now in position to prove the proposition. 
Assume (6, u ) # 0, and let us define 
Yn=wd+,*.6. 
One then has 
y,=6--[2<6,u>/((u’,u’)+2n(d,u))](u’+n~5). (9) 
Using the previous lemma, and assuming for example that the b-string of 
roots (CL’ + ns} has no upper (or lower) bound, one gets that lim y, = 0, 
which contradicts the (QSLA 2) hypothesis of Definition 1. Thus 
(6, a) = 0, and the proposition is proved. 
We now need a way to separate the isotropic part of the root system; 
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this cali be done in the following way. First, denote by h’, the real linear 
span 0:’ the roots, and by h, its real dual space. 
Define the mapping 
and delete, for simplicity 
Set 
h, = I(h;) 
R; = l(R). 
(10) 
(11) 
1 and 1 he Killing form restricted to hh then induce on h, a symmetric 
bilinear form. For any 1, p E hb 
(I,, I,> = (A P). (12) 
One th:n has: 
FROFOSITION 5. (, ) is non-degenerate on h,. 
ProqS Let I,, I, be arbitrary elements on h,; then, there exists 
A,, A2 E hk such that [(A,) = I, and I(&) = I,; assuming that (I,, 1,) = 0 for 
any I, in h, implies that (A,, A,) =O, or II(&) =0 for any j/*E hk, then 
I, = 0, ind the proposition follows. Clearly, the mapping I: hk + h, sends 
the iso:ropic part of the roots to zero. 
In tie semisimple case, there is no isotropic root; moreover, the Killing 
form is positive definite on hk, and this allows the identification of the 
Cartan subalgebra with its dual. To go further, we first need to define: 
DEFIVITION 3. Let g be a quasisimple Lie algebra, and (, ) be its 
Killing form: 
- If (, ) is positive definite on hh, g is semisimple and Iinite-dimen- 
sional. 
- If (, ) is positive semidefinite on hh, g is said to be elliptic. 
- In the other cases, g is said to be indefinite. 
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Remark. Let us mention that, up to now, one does not know any 
realisation of an indefinite Quasisimple Lie algebra. Moreover, V. G. Kac 
conjectured that actually the indefinite class could be void; this remains an 
appealing still open problem. For this reason, we will focus on the elliptic 
case. 
From now on, g will be assumed to be an elliptic quasisimple Lie 
algebra. Then, one can state the important theorem. 
THEOREM 6. R; is a finite root system, in the following sense: 
(i) Defining the Weyl reflexions in R; by for any u, /I E R 
WI, . I, = I&. p (134 
then R; is Weyl-invariant. 
(ii) For any CC, /?E R;, CI non-isotropic, 2(1,, la)/(lr, I,) is an integral 
number, and one has 
w;1,=1,- P&, 1,>/O,J,>l 1,. 
(iii) R; generates II,, and is finite. 
Remark. R; is not necessarily reduced. 
(13b) 
Proof of the theorem. (i) is obvious. 
(ii) 2(1,, l,)/(l,, I,) =2(c1, b)/(a, a) is an integral number. 
‘For any YE hk 
w,+hJ)= (P- PC4 P>l<& a>1 6 Y> 
= Cl,- (2(4 B>l(a, co) L)l(Y) 
and the result follows. 
(iii) Clearly, R; generates h,. Moreover, since the Killing form, 
restricted to h, is positive definite, as a discrete subset of a compact set, R; 
is finite. This concludes the proof of the theorem. 
In the sequel, we will use the following result: 
LEMMA 7. Let c( be a non-isotropic root in R, and let 6 be an isotropic 
element of hk. If a + 6 E R, then 6, a - 6, and 6 - a are elements of R too. 
Proof Following Theorem 2, c( + 6 + na is a root if and only if 
-n- <n<n+, with n--n+ = 2(u + 6, ~)/(a, a) = 2. We can deduce 
that n _ 2 2, and the lemma follows. 
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We are now in position to give a more precise description of the root 
system 13. But before going further, we need to define an irreducibility 
notion: 
DEFIMTION 4. A quasisimple root system is said to be irreducible if it 
has the two following properties: 
(I.1 :. 1). R; is irreducible. 
(I.IL.2). Any isotropic root 6 is unisolated in the following sense: 
there exists some non-isotropic tl in R; such that c( + 6 is a root. 
In wliat follows, the considered quasisimple root systems will always be 
assumecl to be irreducible. 
Now define 
k, = Ker(1). 
Let hi >e the real dual space of h,; then one has 
(14) 
and we denote 
dim(h’,) = n (15) 
dim(k,) = v. (16) 
v is called the type of R, and n + v is the rank of R. v = 0 corresponds to 
the finite-dimensional semisimple case, and v = 1 to the afhne Kac-Moody 
case [ 11. For n > 2, one can find some “current algebra” realisations, as 
will be :xplained in the next section. 
To go further, let us first focus on the case where R; is a reduced finite 
root syz tern (the other case will be considered separately). 
4. The “Reduced Case” 
Let I , . . . . I, be a system of simple roots of Ri. I clearly defines on R an 
equivalc rice relation (if ~1, /?E R : c( N fi if I, = I,), R; being canonically iden- 
tified to the quotient space. Now, choose in each equivalence class Ii, 
i = 1, . . . . n a representative ai E hk, such that ai E R for any i = 1, . . . . n. The 
ai, together with the corresponding Weyl reflexions w,$, generate a finite 
root sys tern R,, identical to R; (because of Proposition 3), and which is a 
finite subsystem of R. We call this root system the “gradient root system.” 
Remarks. (i) Such a choice for the ai is possible because the Ii are 
linearly independant in h,. Note that such a choice is far from unique: one 
could have chosen some representatives ai. such that there is some qi~ k, 
QUASISIMPLE LIE ALGEBRAS 115 
fulfilling ai.+ qi~ R. One should then check the compatibility of such a 
choice, leading to some constraints on the qi; however, one would only 
obtain a different description of the same root system R (in the affine case, 
this would correspond to different gradations of the root system, and our 
choice corresponds to the so-called homogeneous gradation). 
(ii) Note that the term “gradient root system” has here a different 
meaning than in McDonald’s terminology [16]. 
We now turn to the description of R. 
Fix 6 E hk, isotropic. Let c1 E R, non-isotropic, such that a + 6 E R. Define 
5, to be the smallest element in the half line R+6 such that c( + 5, E R. Then 
one can state: 
PROPOSITION 8. a + nt, E R if and only if n is an integral number. 
Proof. Let /I = a + l,, then, if r is any real number 
(wB. w,)~. (a + rr,) = c1+ (2r + 1) 5,. (17) 
Considering Eq. (17) with r = 0 or 1 shows that c1+ nr, E R for any integral 
number n. Conversely, m can be chosen in such a way that the 
l.-component of (wp. w,)~ . (CY + r<,) contradicts the minimality of 5, if r 
in not integral. The proposition is then proved (this proof is identical to 
McDonald’s [ 161). 
Since we are interested in irreducible quasisimple root systems, the 
Dynkin diagram of the gradient root system is then a connected graph. Let 
us consider an arbitrary connected two vertices subdiagram 
0 ===<===o 
al k a2 
which means that (cI~, ~1~) =k(a,, a1 ) (k = 1,2, or 3); let t,, be such that 
ai + t,, ER and t,, is the smallest element on the half line R+<,, having 
such a property. Then 
(wx, . wx, + 5. ,).a2=a1+k{r,ER 
from which one deduces: 
(18) 
LEMMA 9. There exist isotropic roots of the form 6 = pc,, (p being some 
nonzero natural number) such that CQ + 6 is a root of g. 
If one denotes by 5,, the smallest of these roots on the half line R+6, one 
has 
kc,, E NL,. (19) 
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By simi ar arguments, one also gets 
Then otle can state: 
LEMMA 10. Assuming that t,, is known, we have at most possibilities 
for L,: 
6) L2=L,: the isotropic direction defined by 6 is said to be 
untwisted. 
(ii) <,, = k<,, : the isotropic direction defined by 6 is said to be twisted. 
remark. Note that if RI is simply laced (i.e., all roots have the same 
length), only the second possibility can hold. 
The following corollary is immediate from the properties of the Weyl 
group of R, . 
COROLLARY 11. Let 6 be an isotropic root of g, and let a be a root of g 
of rnini~~a~ length; then 01+ 6 E R. 
From the results of the current section (in particular Proposition 8, 
Lemma 10, and Corollary 11) it appears that the most general form of the 
element i of R is 
Yf’fi, (isotropic roots) 
YS=“S+6S (short roots) (21) 
YL=@L+dL (long roots), 
where c S (resp. 0~~) is a short root (resp. a long root} in R, and as 
(resp. 6,, ) lies in some lattice A, (resp. A,) included in k,. Moreover, one 
has 
Let us now specify a little bit more about the A, and AL lattices; first, 
let us dt:tine: 
DEB ITION 5. Let A be some lattice; 6 E A is said to be minimal if for 
any nat xal number p different than 0 or 1, S/p & A. 
Now, fix a family 6,, 6,, . . . . 6,, of R-linearly independent elements of A 
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(v =dim(A)). To any family {m} = {m,, m2, . . . . m,} of integral numbers, 
associate 
6,,, = 1 midi. (23) 
i= 1 
One then has: 
LEMMA 12. {Si}i=l,...,v is a Z-basis of A if and only if for any family 
{mi)i=l,...,” f l o re atively prime integral numbers, 6,,, is minimal. 
ProoJ 6,,, is not minimal if and only if one can find some natural 
number p different than 0 and 1, such that a,,,/~ E A. But 
The rnls being assumed to be relatively prime, the lemma follows. 
Now, assume that {S,},, 1, ,,, y is a Z-basis of A, and let M be a v x v 
matrix with integral coefficients. Define 
$i= 1 M,dj, i = 1, . . . . v. (24) 
j=l 
Clearly, (It/i >i= I, ._., y can be a Z-basis of .4 only if 
Det(M) = 1. (25) 
We can now return to the special cases of the A, and A, lattices. Pick 
a Z-basis {S,},, ,, ,,,, y of A, (then the 6;s are roots). Thus the most general 
form of the short roots of g is 
Ys=Ms+ C nidi, (26) 
i= 1 
where tlS is some short element of R, and the q’s run over the integral 
numbers. With respect o this basis, as a consequence of Proposition 8 and 
Lemma 10, the most general form of the long roots yL of R is 
(27) 
where rxL is some generic long root of R,, the rn;s run over Z, and the ay’ 
are some integral coefficients, about which we will get some additional 
information later (obviously, they are the coefftcients of a non-singular 
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matrix); the form (27) is obviously not unique, and unicity will be dis- 
cussed .ater. 
Equation (27) can be rewritten in the form 
(28) 
Let us denote 
ki = GCD{U~” }j= 1, ,,, v (29) 
(GCD neaning here “Greatest Common Denominator”), and 
One car then rewrite Eq. (21) with respect o this new basis: 
YI= i nit’ 
i= 1 
(30) 
(31) 
~~=a,+ c kinit’, 
i= 1 
the ni)s running over Z. 
Remark. In order for Eq. (28) to make sense, the coefficients have to 
verify some compatibility conditions, implying in particular that 
wi= I ._., Y is a Z-basis of A,, and that {kit’},, ,, ,,,, y is a Z-basis of AL. 
The form (31) is then well defined. 
By Lemma 10, one knows that k,= 1 or ki= k (i= 1, . . . . v); let us then 
define: 
DEFIIJITION 6. The identity 
i ki=k’ 
i= I 
(32) 
defines an integral number 0 <z Q v, called the “twist number” or “twist” 
of R. 
This definition makes sense thanks to the following: 
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PROPOSITION 13. Let { tii} i= I, ,,,, y be another Z-basis of A,, such that 
{li$i}i=l ,,,,,y is a Z-basis of A, (li= 1 or k, i= 1, ,,., v), and let z’ be the 
associated twist number. Then one has 
T’ = T. 
Proof Let P be the v x v matrix defined by 
@= i p,cj, i = 1, . . . . v. 
j=l 
Then Det( P) = 1. Moreover, one has 
l;l+v= jy P”i (kj<‘), i = 1, . . . . v 
j=l J 
and one must have 
li 
Det qpv i 1 - 1. i, j = 1, .._, Y - 
But 
_ IFIr= 1 li 
i, j= 1, _.., Y 
n;= 1 kj Det(P) 
(33) 
(34) 
(36) 
implies that 
nY= 1 li L k”-‘= 1 
nJ= 1 kj 
(37) 
and the proposition follows. 
The results of this subsection can be put together in the following 
theorem: 
THEOREM 14. Let R be an irreducible elliptic quasisimple root system, 
with reduced gradient root system R,. Then R is completely characterized by 
R,, and two non-negative integral numbers 0 < T < v: the type v and the twist 
5, from which R can be described by 
y,= i niti 
i=l 
ys=as+ i nlli 
i= 1 
(38) 
yL=aL+ i knit’+ i nil’, 
i=l i=r+l 
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with a, Iresp. aJ being some generic short root (resp. long root) in R,, and 
the nls I unning over the integral numbers. 
One t,zen summarizes this discussion by the notation 
R x (R,; v, r). (39) 
5. The ’ Non-reduced Case” 
We n)w turn to the discussion of the case where R; is a non-reduced 
finite ro It system. R being assumed to be irreducible, then one knows from 
the general finite root system theory that R; is of the type BC,; i.e., it has 
a Dynkin diagram of the form 
the full vertex l i, meaning that 21, E R; too. 
Like in the reduced case, R; can be seen as a set of equivalence classes 
of elements of R, and one has to choose a representative lement in each 
class. 
Let u! associate to each lj (i= 1, .,,, n) an a,, such that aiE R (recall that 
such a choice is possible because the simple roots li of R; are linearly inde- 
pendent I. Moreover, associate to 21, the representative 2a,, which 
obviously cannot be a root (R being reduced). Then one can find rl E k, 
such that 
2a, + q E R. (40) 
From tke properties of the Weyl group of R and R;, one sees that: 
* The als generate a finite subroot system of R, of the type B,. 
* The a;s, together with 2a,, generate a finite root system (the 
gradient root system) R,, of the type BC,, which is not a subroot system 
of R. 
* For any short root as of R,, 2a,+ q ER (as a consequence of 
simple properties of the Weyl group of R). 
We now need an analogue of Proposition 8 of the previous section. Fix 
66&t, end let a E R be any short (non-isotropic) root. Define r:, E k, to be 
the smallest element in the half line R+6 such that 
(Recall 1 hat if a is a short root, then I,, = 21, E R;.) 
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PROPOSITION 15. (i) 2cr+r[&~R if and onZy if r is an odd integral 
number. 
(ii) 5; = 5, for any short root c1 E R. 
Proof: 
(i) w;[2a+~~]= -2cr+r&~R. (41) 
Then 2a - t:, E R, and applying Proposition 8 to it yields the desired result. 
(ii) w20,+5k .u= -a+<;. (42) 
Then, by Proposition 8, <& = pea (p E N\(O)). Moreover, R being reduced, 
p is obviously odd. Finally, assume p > 3; then one can find some 
m E N\ (0) such that 
P -<mcP_ 
4 2’ 
Then 
w,+~~;. [2c(+CJ = -Pa+ (Am- P) 42 (43) 
which contradicts the minimality assumption made on 51. Then p = 1 and 
(ii) is proved. 
Since 
w,“.(2a,+tj)= -2cr,+9 (44) 
one deduces the following indication on v]: 
LEMMA 16. 
PER. (45) 
Summarizing the results of the current section, it appears that the generic 
form of the elements of R in the case where R, is non-reduced is 
Yl=ds (isotropic roots) 
YS=%+JS (short roots) 
(46) 
YL=u,+aL (long roots) 
YsL=2%+~sL. (“superlong” roots), 
where ~1~ (resp. txL) is a short root (resp. a long root) in R,, and 6, 
122 HBEGH-KROHN AND TORRESANK 
(resp. 6 ) (resp. 6,) lies in some lattice A, (resp. AL) (resp. A,,) induded 
in k,. Irloreover, one has 
AS3A~3ASL. (47) 
One c:an then carry out the same analysis as in the previous section, both 
for the pair (A,, ,4,) and the pair (A,, A,,) (the discussion between 
Detiniti>n 5 and Theorem 14 in the previous section) and introduce the 
correspl~nding “‘twist numbers.” We are now provided with some Z-basis of 
A, rr: i=l,....v* such that <“ER, i= 1, . . . . v. With respect to this basis, the 
short, ong and isotropic roots have an expression similar to that 
of Eq, (38). 
To s~mpletely characterize R, we now need more precise information 
about q. Pick some 7 E k, such that Eq. (40) holds and decompose it with 
respect to the ([i}i= l,...,V basis 
(48) 
Then the form of the superlong roots is 
Y SL=2a,+ i Ckilini+qil t’, 
i=l 
(49) 
the kfs being those which appeared in Eq. (38), the 1;s being equal to 1 or 
2, the 2:s running over 2, and the qis being some integral numbers 
(becausa: of Lemma 16). 
One only has now to consider the following situations: 
(i) Let i be such that k,= li = 1; without loss of generality, one can 
set qi= 3. 
(ii) Let i be such that k,E, = 2; then 
2a,+~j+2nt’~R. (50) 
Moreover, R, being irreducible, one can find a,eR, such that 
Then 
implies :hat 
2(2a,+r!+2n5’, a,>/(a,, a,)= -2 
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and 
2(2cr,+ ctL + ij + 2n<‘, a,)/(~,, as) = 2 
implies that 
One can then deduce that: 
If ki = 2 then one can choose q, = 0. 
If ki = 1 then one can choose qi = 0 or 1. 
(iii) Let i be such that ki= Zi= 2; then a similar analysis leads to 
qi = 2 or 0; these two solutions being equivalent, one chooses qi = 0. 
Let us now set the following notations: 
* Let r be the numbers of basis vectors ri such that ki = 2 (r is iden- 
tical to the twist number introduced in the reduced case, and is well 
defined); 0 < r d v. 
* Let pi be the number of basis vectors ti such that ki = 2 and li = 2; 
OGpL17. 
* Let pz be the number of basis vectors [’ such that ki = 1 and li = 2; 
0 6 pz < v - r. Moreover, R being reduced, pL2 has to be strictly positive. 
Remark. Assume that qi = 1 for i = t + 1, . . . . 6, with t + 1 <C < z + p2. 
The generic form of the corresponding part of the superlong roots Ez+ i is 
then 
i=r+l 
It is then possible to find another admissible Z-basis {E~}~= i,.,,,” (i.e., 
fEi)i= l,...,v is a basis of /i,, {kiEi}i=l ,,.,,” is a basis of /i, and 
{(ki~i+q~)~‘}~=l,.,,,~ is a basis of A,,) such that q:+ i = 1 and qi = 0 if 
i#r+l. 
One can then assume without loss of generality that qr + i = 1 and qi = 0 
if i#r+ 1. 
Let us then sum up the results of this section in the following theorem: 
THEOREM 17. Let R be an irreducible elliptic quasisimple root system of 
type v, with non-reduced gradient root system R, = BC,. Then R is com- 
pletely characterized by R,, the type v, and a set of three non-negative 
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integral “twist numbers”: T, ,ur, ,u2, such that O<z<v, O<p,Iq and 
0 < p2 I; v - Z. The root system can then be described by 
i= I i=r+l 
7 + P2 
+ JF+, 2niF+ i niti. 
i=r+pz+l 
One tht:n summarizes this discussion by the notation 
6. Conr Eusions 
R = (BC,; v, t, ~1, PA. f52b) 
In this section, we classified all possible irreducible elliptic quasisimple 
root sy! terns; however, up to now, this classilication does not extend to a 
complele classification of the Quasisimple Lie algebras. 
For 1 < 1, such a classi~cation is already complete, since this is the case 
of the unite-dimensional semisimple Lie algebras and the affine Kac- 
Moody Lie algebras; but for n> 2, one cannot define any generalized 
Cartan matrix (the reason is essentially that the Weyl group of the root 
system s not a Coxeter group) and apply Serre’s presentation theorem. 
Neve theless, one can prove that a type v Quasisimple Lie algebra 
possesses a v-dimensional center, and also investigate the possible Killing 
forms [ 2.5 3. 
III. CONSTRUCTION 
After having given the classi~cation theorems (Theorem 14 and 
Theorern 17), we are now able to show that some of the new iniinite- 
dimensional Lie algebras exist. We can build irreducible elliptic QSLAs for 
arbitrary v and z = 0, 1, or 2, using techniques familiar from the affine case, 
i.e., realisations as current algebras (see [ 1 ] for instance). The realisation 
presenkd here can be called an homogeneous realisation, with respect to 
the “a& ne terminology.” 
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1. The Non-twisted Case 
Let g, be a simple complex Lie algebra, with Cartan subalgebra h,, and 
root system R,; let {/?,, .,,, p,} be the simple roots of R,; let T” be the 
v-dimensional torus, provided with the Lebesgue measure dt, such that 
s dt= 1. (53) T’ 
Let g, = P(T’, go) be the Lie algebra of functions with finite Fourier series 
of T” into g,, provided with the pointwise Lie structure for any x, y E g, 
cx, Yl I (t) = Cx(t), Y(t)10 forany tET” 
<x, Y), = j-/WO, Y(t)>o (54) 
In order to get a finite-dimensional Cartan subalgebra, we introduce the 
derivations D(d) of g, (de C”) by for any XE g, 
D(d).x=(d.V).x (55) 
and g, to be the semidirect product of g, by C”, with the following 
commutation relations. For any x, x’ E g, , d, d’ E C “, 
[(x, d), (x’, d’)]? = ([x, x’-Jl +D(d) .x’-D(d’) .x, 0). (56) 
A Cartan subalgebra of g, can be written in the form 
h,=h,@ i@ Cdi, 
i=l 
(57) 
where the di form a basis of C’. 
Finally, to get a Killing form, we define on g, the following family of 
C-valued bilinear forms: for any d E C” 
Il/&, Y) = (x, D(d) .Y> forany x,yEgi. (58) 
PROPOSITION 18. For any d E C’, $d is a Chevalley 2-cocycle: 
0) $&,Y)= -tid(~,x)for any x,y~gl. 
(ii) vQd(Cx, ~1, z) + $d(Cy, 21, x) + $d(Cz, xl, y) = 0 for any 
4 y, ZEgl. 
Proof: The proof follows easily from the invariance of (, )O. Conse- 
quently, it is possible to make a central extension with respect to the 1+9~; 
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let then C be a v-dimensional center, spanned by complex linear combina- 
tions of the vectors cr, . . . . c,. 
Then, we define a Lie algebra 
g=P(T”, go)@ p Cd,@ p cc, (591 
i=l i-l 
with Lit bracket: for any (x, d, c), (x’, d’, c’> E g 
[(x,d,cf, (x’,d’,c’)]={[x,x‘]~+D(d)~x’-D(d’).x,O, 
(60) 
Note tliat this central extension is the universal central extension of 
P(U’, gt 1, as proved in [ZO] or in the exercise 7.9 of [ 11. 
It reinains to define the Killing form; let us set for any {x, d, c}, 
{x’, d’, Y} Eg 
({x, d, c>, (x’, d’, c’>> = (x,x’), -d-c’-d’.c, (61) 
where . ! tands for the usual component by component scalar product in C “. 
One lhen has: 
PROPI)SITION 19. (, ) is a non degenerate symmetric invariant &hear 
form on g. 
Prooj Non-degeneracy and symmetry are obvious. Let {x, d, c}, 
{x’, d’, (.I), (x”, d”, c”} E g. 
([(x, d. c>, (x’, d’, c’) I, (x”, d”, c”) > 
= ( ([x,x’], +D(d).x’--D(d’).x,O, c $d,(x,x’).ci}, (XV”, c”)> 
i= 1 
= ( [x, x’],, XN), + $Jx”, x’) - $&(X0, x) - $d”(X, x’) 
(fx, d, ,a>, [(x’, d’, c’>, (x”, d”, c”j]) 
= (: ix, 4 4, t C x’,xl],+D(d’).x”-D(d”).x’,O, k !+bd,(x’, x”)q)) 
i=l 
= ‘:x, [x’, X”],>l +$d’(x, xU)-@,.(x, a--Ic/d(X’Y x”) 
and the proposition follows from the invariance of (, > r. (, > is then a 
relevant Killing form for g. 
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A possible Cartan subalgebra takes the form 
h=h,@ i@ Cd,@ iQ cc, 
i=l i=l 
and one can easily see that g is a QSLA. 
We now have to study its root system, i.e., the spectrum of Ad(h). 
For any c E C, Ad(c) = 0. 
Let d = CT= 1 lidi; we have that Ad(d) = D(d) and we have to solve 
D(d). X= m(d) X with XE~. 
The solutions are of the form 
~,:t~lf”+X~(t)= i exp{im,t,) .E 
I 
with EE g, 
i=l 
m(d)=i 2 A,mk, 
k=l 
where m = (m,, . . . . m,) E C’. 
For any h E h, 
Ad(h) .x,x,, = u(h) xm,,, 
(62) 
(63) 
(64) 
where X,, oL : t E 8’ +X,&t) = [n;= r exp{z’m,t,}] . E, with E, E (g,),. 
The spectrum of Ad(h) is then given by for any (h, 4 c) E h 
Ad({h, d, c>) .x,,, = Cm(d) + a(h)1 x,,.. (65) 
The Killing form is carried onto h, by defining, for any y E h’, the canoni- 
cal identification 
<~YL h) = y(h) for any h E h. (66) 
Then, if CL + m is any root of g, 
e(u+m)= h,,O,i i mkck 
k=l 
(67) 
and m is easily identified as being the isotropic part of the root u-t-m. 
Moreover, it is easy to check that (, ) is positive semidefinite of corank v 
on hk and it follows: 
580/89/l-9 
128 HBEGH-KROHN AND TORRESANI 
THEO IEM 20. g is an elliptic quasisimple Lie algebra, associated with the 
root sys tern 
R = (R,; v, 0). 
Any nolr-twisted elliptic quasisimple root system can then be realized in this 
way. 
2. The Zase z = 1 
The :onstruction given here is fairly standard and can be found for 
instance in Kac [l]. We consider a simple Lie algebra g,, whose Dynkin 
diagran. admits a non-trivial automorphism CT, of order k; let now p be an 
automorphism of order k of the torus U’, for example, 
t, -+ t, + 271/k 
ti + ti for any i# 1. 
We define the automorphism ~7 on g by 
c?(X) = 0(X0 p) for any XEg, 
Z(cJ = ci for any i = 1, . . . . v 
tT( di) = di for any i = 1, . . . . v. 
Let g b: the fixed point set of d; we have 
where 
(68) 
(69) 
gf) = {x E go/p . x = exp(2inZ/k) x) 
and 
P[(l‘", gb-")= ( XE P(U”, gb-‘)) s.t. [a(x)](t) =x(t) for any t E U”}. 
There are five possible inequivalent automorphisms for the simply laced 
g, giver by the five possible QSLAs (R,; v, 1); in each case, it is easily seen 
that g, is a simple Lie algebra 
1go=AZn:d2=Q gr’=B, 
R(g) F-G (BC,; v; 0, 0, 1) 
2g,=A2n--1:d2=Q gb”=C, 
W)=(C,;v; 1) 
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3go=D,+1:&z=Q gd”=B, 
R@)=(B,;v;l) 
4go=D4:g3=Q gb”‘=G2 
R(ij)= (6; v; 1) 
5go=E6:$2=Q gb”‘=F4 
R(k) w (F,; v; 1). 
(The proof of this result can be found in Kac Cl].) 
This leads to the following: 
THEOREM 21. Any irreducible elliptic quasisimple root system of twist 
one can be realized as the root system of a “generalized loop algebra,” as 
constructed in Section 111-2. 
3. The Case z = 2 (Reduced R,) 
In this subsection, we shall see that it is possible to build a QSLA for 
any irreducible elliptic quasisimple root system, very similar to the one that 
leads to the twist one QSLAs. 
First of all, let go be an affine Kac-Moody Lie algebra (v = l), and let 
us define 
&=g,/[Cd,OCc,l (70) 
with the standard notations. 
It is fairly easy to see that 
g=P(u”-I,%)@ i@ Cd,@ i@ Cc, 
i= 1 i=l 
(71) 
provided that the usual Lie product and Killing form is an elliptic QSLA, 
with root system 
R(g) = U&k,); v, +io)) (t=O or 1) 
(R,(g,) being the gradient root system of go and r(g,) its twist number) if 
R,(g,) is reduced, and the corresponding one if R,(g,) is non-reduced 
R(g) z (BC,; v; 0, 0, 1). 
Now, let 0 be the straight extension [28] of an automorphism of the 
Dynkin diagram of go, * it is easy to see that r~ acts trivially on ci and di; 
let k be the order of 0, and let p be an automorphism of order k of TV- ‘. 
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We define the automorphism r? of g by 
6(X) = a(X0 p) for any XE P(U”- ‘, &J 
c?(q) = ci for i= 1, . . . . v - 1 (72) 
cT(di) = di for i= 1, . . . . v - 1 
and g i:; the fixed point set of 6; it is a QSLA, and we will study its root 
system. 
In thl: sequel, we will use the notations: 
Ei, Fi, fly are the Chevalley generators of g,. 
ji ; tre the roots of g,. 
e,,.fi, a: are the Chevalley generators of gr’. 
cq ;tre the roots of gr’. 
(i 1 go= (Dn+*; LO): 
a(j?J = pi (i = 2, . ..) n). 
fO=FO+FI 
f,=F,+, (i’l, *.., n- 1) 
fn=Fn+l+Fn+2. 
PO 
Define 1 he cr automorphism by 
4B,)=Bo; _ 48o)=P1 
4Bn+1)=&2+2; aL+J=Bn+1; 
Then WI: set 
cr;= p;+/?‘; e,=E,+E, 
CIy = /3y+ 1 el = 4, 1 
4=8::+1+K+2 en=En+l+E,+2 
These a .e the Chevalley generators of 
gb”‘= (B,; 1, 1). 
Now, u:;ing the analogue of (69), we are able to build the corresponding 
g, and i .s root system reveals to be 
W) = (B,; v, 2). 
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(ii) g, = (D,,; 1, 0): 
Define the g automorphism by 
4Pi) = Pzn ~ 12 i = 0, . ..) 2n. 
We set 
ay=/?;+/?;npi f?;=Ei+E,,-j fi=Fj+F*,-i 
These are the Chevalley generators of 
gbO’ = (C,; 1, 1). 
(i = 0, . ..) n). 
It is then easy to find the root system of g 
R&i) = (C,; v, 2). 
(iii) go = (E6; 1, 0): 
0 0 A 0 0 
PO 01 82 83 84 
Defining the Q automorphism by 
4Dz) = 82; 4Bo) = 86; 4!&)=84; 4B4) = Bo; 
4P,)=B5; 4Bs) = 83; 4Bd=fi1, 
cr;=&+&+p~ e,=E,+E,+E, fo=Fo+F4+F,5 
ct’;=p’I+/j;+j; e,=E,+E,+E, .f,=F,+F,+F, 
CC;=/?; e,=E, f2=F2 
are the Chevalley generators of 
gbO’= (G,; 1, 1) 
and we easily check that R(g) z (G2; v, 2). 
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(iv: go= (E,; 40) 
0 3 2 A 9 2 0 
PO PI 82 83 84 8s 86. 
One defines the Q automorphism by 
a(Bi)=86-i (i = 0, . . . . 6) 
4B-I) = LG. 
Then 
a’=/?y+/3:-; ei= E,+ ZGPi fi=F;+F,-i(i=o, . ..) 2) 
G!’ =pt; e3 = E, f3 = F3 
a] =flt; e4=E, .fz, = F, 
are the C’hevalley generators of 
gb”= (F,; 1, 1) 
and we get 
R@) = (F-4; v, 2). 
(i)-(il.) lead to the following: 
THEOI:EM 22. Any irreducible elliptic quasisimple root system, with 
reduced gradient root system, of twist two, can be realized as the root system 
of a twi.vted extension of some affine Lie algebra. 
We will now get a similar result in the case when R, is not reduced. 
4. The (Tase R, Non-reduced 
(i) First of all, take go = (BC,; 1; 0, 0, l), and built the non-twisted 
extensio 1 g of Eq. (71); the root system of g is clearly 
R(g) z (BC,; v; 0, 0, 1). 
The other QSLAs with non-reduced gradient root system will be built 
making twisted extensions of afine Lie algebras, like in Subsection 3. 
(ii) go = (bn+ 1; ho) 
F--c----~ 
PO 81 B2 ” I P. 
I 
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Define the g automorphism by 
4Pi) = P*n+ I - i7 i = 0, . . . . 2n + 1 
Then 
~S=Wl;+BS,+1) %=2(&+&,+,) h=Fo+F*n+, 
~::=w::+B:+I) e,=2(&+&+,) f,=Fn+Fn+, 
a;=PY+P;+,-i ei=Ei+E,,+,-i fi=Fi+F2n+l-i 
(i= 1, . . . . n - 1) 
are the Chevalley generators of 
gb”‘= (B,; 1, 1). 
gr’ is an irreducible gp) -module, and the roots of g are, by a simple 
calculation, shown to be of the form 
y,= E niti 
i= 1 
ys=a,+ 2 niti 
,=I 
YL=c1L+21211;‘+ i niti 
i=2 
Y.sL=~CI~+~*+ i 2n,<‘+ f niji 
i= 1 i=3 
showing that z = pz = 1 and ,uI = 0 (see Eq. (52a)). 
Then 
R(g) z (BC,; v; 1, 0, 1). 
(iii) go = (B,,; 1, 1) 
a(Pi)=P2n-i (i = 0, . . . . n). 
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Then 
cl;=p;i-P;n-i ei=Ei+E,-; f; = Fj + F2,, _ , (i = 0, . . . . n - 1) 
g;=p n e,=En At = Fts 
are the Chevalley generators of 
gp’ = (BC, ; 1; 0, 0, 1) 
The exy Iicit calculation of the root system leads to 
R(g) x W,; v; 0, 0,2). 
(iv go= VL+2; LO) 
BO 
c 
. . . L 
b” 8”-1 82 Bl 
Pn+ 
. . . 
A+2 &+3 B2n &+I 
7 
P2n+2 
are the Chevalley generators of 
gfp’ = (BC,; LO, 0, 1). 
The ext msion leads to 
R&)x (BC,; v; 1, 1, 1). 
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The result of this subsection is an extension of Theorem 22 to non- 
reduced gradient root systems. We have then got realizations of 
W,; v; (40, 1) 
W,,; v; 190, 1) 
UC,; v; Q&2) 
(BC,; v; 1, 1, 1). 
In particular, specializing our results to the case v = 2, and referring to 
Theorem 14 and Theorem 17 we get this conclusion: 
COROLLARY 23. All the irreducible elliptic quasisimple root systems of 
type v = 2 possess a realization as the root system of a “generalized loop 
algebra,” or “current algebra,” as described in Section III. 
IV. CONCLUSIONS 
The results of Section III show that at least some of the quasisimple root 
systems classified in Section II possess a realization as a current algebra; 
unfortunately, due to the lack of a generalized Cartan matrix when v 2 2, 
we have not been able to generalize such a construction to twist three 
QSLAs for instance. Nevertheless, we believe that it is possible to associate 
a quasisimple Lie algebra to anyone of the rootsystems classified in 
Theorem 14 and Theorem 17 (and perhaps many QSLAs for a given 
quasisimple root system for v > 2, as suggested by V. G. Kac); abstract con- 
structions are currently under study. 
Another very interesting application of the theory of QSLAs is the 
representation theory, which is probably closely connected to the represen- 
tation theory of the gauge groups, in quantum gauge theories. Actually, 
some unitary representations of the gauge group, called the energy 
representations, have been accurately studied [21,22] but very little was 
known about highest weight representations. The quasisimple theory 
allows the study of such representations [24,25]; in particular they 
exhibit, as a representative of the central extension terms (see Section III), 
an expression identical to the Schwinger anomalous term in quantum 
current algebras [12]. This then appears to be a very promising field of 
research, in connection with quantum gauge field theories. 
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